We discuss the viability of f (R) and Brans-Dicke theories of gravity in light of the recent Swampland conjectures. We show that in the case of perfect fluid domination the swampland conjecture conditions may be easily satisfied and therefore we focus on the constraints in the vacuum theory. We derive the conditions for the swampland conjectures in f (R) and Brans-Dicke framework, and find that a large portion of the parameter space is not allowed. Furthermore, we analyze particular f (R) models of inflation and dark energy and in their case we set the allowed range of R.
1 Introduction f (R) theories [1, 2] are a natural generalization of General Relativity (GR). This is especially true if one views GR simply as a Taylor expansion for small curvature R. Counting degrees of freedom, f (R) theory has an additional scalar degree of freedom, usually dubbed, the scalaron. Any f (R) can be mapped at least classically into the Einstein frame GR plus a scalaron with a potential. The best studied exampled of f (R) is the so-called Starobinsky model [3] . Originally, devised to avoid the Big Bang singularity, the Starobinsky model and its variations [4] [5] [6] [7] [8] [9] [10] [11] turned out to be a good candidate of cosmic inflation [12, 13] .
Recently, it was conjectured that a theory of canonical scalar fields with a potential, written in the Einstein frame, is consistent with Quantum Gravity only if it fulfills at least one of certain inequalities [14] [15] [16] [17] [18] [19] [20] [21] :
where ∇V is a gradient of the potential in the field space and V ij is the Hessian matrix of partial second derivatives of the potential with respect to the scalar fields. c,c are O(1) numbers 1 . If so, then f (R) theories can also be subjected to this criteria. In this work we consider the viability of f (R) and Brans-Dicke theories in light of these recent conjectures. First, we find that almost any given matter (except radiation) present in the theory helps to satisfy the inequalities (1.1,1.2). Second, we discuss the vacuum case, and give a general inequality in section 2. The (1.1) inequality is translated into
where a is a specified boundary condition and p depends on the sign of Rf R − 2f and on the value of c. Since for negative potential, (1.1) is trivially satisfied, and cannot add any new constraints to f (R) theories, we discuss only the cases where the f (R) theory gives a positive Einstein frame potential. We further discuss some viable models in section 3. In section 4 we discuss the (1.2) inequality. In sections 5,6 we extend the analysis to Brans-Dicke theory and in section 7 we conclude.
In the following we use the convention 8πG = M −2 pl = 1, where M p ∼ 2 × 10 18 GeV is the reduced Planck mass. where S m is an action of matter fields (e.g. χ, ψ etc), with total energy density ρ m and pressure p m . The gravitational part of the action may obtain its canonical GR form in the Einstein frame, where the Einstein frame metric is defined by
where 2 f R ≡ df dR , and the action takes the form of
The Einstein frame field φ and the Einstein frame potential V (φ) are equal to
.
(2.4)
Assuming that the space-time can be described by the flat FLRW metric, the continuity equation for the Einstein frame field gives
a is a Jordan frame scale factor and˙denotes the derivative with respect to the Einstein frame time defined by dt E = √ f R dt. Note that the RHS of the Eq. (2.5) is proportional to the trace of the energy-momentum tensor and therefore the radiation does not generate any source term for the continuity equation of φ or ρ E m . From the Eq. (2.5) one can see, that ρ E is not a conserved quantity on the Einstein frame. Therefore, knowing that for p = wρ, where w = const, and ρ = ρ 0 (a 0 /a) 3(1+w) let us introduce
which is a conserved quantity in the Einstein frame. The important this is that even though ρ is an Einstein frame quantity, it scales like a Jordan frame energy density and it is fully φ-independent. It is therefore useful to use it to extract the φ dependence in ρ E m . Substituting Eq. (2.6) into (2.5) one finds the effective scalar potential of the form of
Within this framework from Eq. (1.1) it implies that
where V ef f φ = dV ef f dφ and c ∼ O (1) . The V ef f > 0 condition is equivalent to
In addition we require that
where f R > 0 guarantees that the gravitons are not ghostly and that the transition to the Einstein frame is possible and f RR > 0 secures the positive mass of the curvature fluctuations [1] . Another 'swampland' property is the restriction of the theory to the certain range of φ, otherwise one expects a tower of light states to appear as ∆φ grows beyond M pl , [20, 24] From 
The presence of matter fields may relax the condition on the Einstein frame potential V (φ). Note, that for the domination of matter fields, i.e. for V φ
which in the case of Jordan frame cosmological constant or stiff matter is of order of one. The simplest example, which satisfies the swampland conjecture is the w −1 case of a perfect fluid, which mimics Jordan frame cosmological constant. It is realistic to assume that this perfect fluid is a scalar field. Such a field may be used as an inflaton or as a source of dark energy. One usually assumes that its potential is (at least) locally flat and therefore without the presence of the f (R) it would not satisfy (2.8 ). The f (R) scalaron plays here a role of an additional field with steep potential [25] , which enables flat inflationary potential together with a consistency with (2.8).
Note that the first derivative of potential of fields that contribute to ρ m does not need to be included in our analysis, since V φ already provides enough of steepness. We want to emphasize that radiation does not improve the viability of the theory from the point of view of the swampland conjecture. Not only it does not increase the value of V ef f φ , but also it increases the value of V , which finally decreases the
Since the domination of ρ m helps to satisfy the swampland conjecture we want to focus on the opposite case, which is ρ m → 0. From now on we will assume that ρ m is negligible. Hence to fulfill the first possibility of the swampland conjecture (1.1), one has to fulfill:
First of all let us assume 
where a is some initial condition, above which the inequality is valid. As we will see, the general conditions for f (R) are θ(R) = α,γ R , where α is defined above and γ is defined in (2.28) below. The use of α or γ depends on the sign of Rf R − 2f and on the value of c. Integrating the inequality (2.23) gives: 
(2.26)
Hence, the swampland conjecture places a severe constraint on f < Rf R < 2f models.
It states that f (R) must grow slower than R 2 ( for c = 1 it has to grow slower than R 1.45 ). An example of the limited allowed growth of f (R) is plotted for the c = 1 case in Figure 1 .
Let us investigate possible solutions of this inequality in three regimes 
The lower (upper) bound corresponds to c → 0 (c → 2/3). In such a case all f (R) theories (for both, positive and negative f (R)), which satisfy (2.28) automatically satisfy the assumption Rf R > 2f together with a condition (2.17). From Eqs. (2.24) and (2.25) one can see, that the solution of (2.28) is
(2.30)
Theories with f > 0, which satisfy 2f < Rf R < γf do not satisfy (2.17) because they do not satisfy (2.28) and therefore are excluded. 
(2.33) Case (b) is most likely impossible to realize for any realistic f (R) model. One can see that by noting, that for the polynomial form of f (R), which contains terms like a n R −n , one can satisfy only f R > 0 or f RR > 0, but not both of these conditions at the same time. In such a case none of the theories can satisfy (2.31) and Rf R > 2f simultaneously.
For most of the scalar theories the particular value of the c constant does not have crucial implications for the allowed region in the parameter space of the theory. In f (R) theory with a region of V (φ), for which Rf R > 2f (i.e. for V φ < 0) the value of c strongly determines, if the there is any f (R) theory, which is consistent with the swampland conjecture. We want to emphasize that this is a unique feature of f (R) theories.
Analysis of particular f (R) models
The polynomial of R is not just a bound for f (R), it is also one of the simplest and most intuitive forms of f (R), that may satisfy the inequality (2.17) . In this section we present a detailed analysis of this family of f (R) models. On a model to model basis, we will also discuss the allowed field range of the scalaron ∆φ 1 that corresponds to a limit on the allowed Ricci scalar curvature.
Examples of Rf R < 2f
For most of the realistic f (R) one satisfies Rf R < 2f (or Rf R > 2f ) only for a given range of R. Nevertheless one can still find an example of f (R) theory, which satisfy (2.17) together with Rf R < 2f for all values of R. Let us consider a simple example like 
In addition, the model holds f RR > 0, so it is free from the tachyonic instability of perturbations. Furthermore, in [1, 7] it was shown that such a model may be responsible for generating inflation for p ∈ ( 1 2 (1 + √ 3), 2). Thus, for any c < √ 2 one satisfies (2.15) and generates inflation for sufficiently large R. Nevertheless, such an inflationary model is either equivalent to the power-law inflation (in the case of p 1.9) and therefore would not be consistent with a current observational data, or it is close to Starobinsky inflation, and therefore inconsistent with (1.1). 
which automatically satisfies the Rf R < 2f assumption.
Example of Rf R > 2f
Let us assume a polynomial form of f (R), namely
In such a case one can find constraints on a n and b n coefficients, which enable to satisfy (2.17) together with Rf R > 2f . For any realistic f (R) theory the Rf R > 2f condition is satisfied only for a given range of R, since one requires an existence of the GR vacuum around R = 0. Nevertheless one can still find a highly non-physical example of an f (R) theory, which satisfies Rf R > 2f for all values of R. It is possible only for c < 2/3 (case (a)) and requires a n = 0 for all n together with b n = 0 for n < γ , b n > 0 , for n > γ (3.8)
Thus for c = 0.5 a viable theory is f (R) = b 4 R 4 + · · · where the dots indicate higher powers.
Range of viability of particular models
In this subsection we present several well known f (R) theories. For each one of them we present the allowed range of R, which is consistent with the swampland conjecture.
i) Let us start from the Starobinsky model defined by
Then, the vacuum version of the (2.15) inequality is satisfied for
Noted, that the allowed values of R are below the scale of inflation.
ii) A simple generalization of a Starobinsky model is the
model [5] . For c 2 < 0 one can obtain a slope instead of a plateau in V . The slope is steep enough to satisfy (2.17) for any value of R for −c 2 c 1 (2 − α), where α is defined in the Eq. (2.19) . Note that in such a case V (φ) would be so steep that it would not support inflation. For some range of R one can also satisfy (2.17) for c 2 > 0. In such a case the potential has a local maximum at R = exp(−(c 1 + c 2 )/c 2 ). At the V φ > 0 slope (i.e. between the minimum and the maximum) the (2.17) may be satisfied, but at the Rf R > 2f slope it is practically impossible. In order to obtain any region of the V φ < 0 slope with a desired steepness of the Einstein frame potential, one requires
Unless one assumes c 2 ∼ O(1), the condition above leads to negative values of c 1 , which are excluded in this theory due to possible quantum instabilities for certain values of R.
iii) The swampland conjecture may also limit models of dark energy. One of the simplest examples of DE f (R) model is [26] f
where c 2 > 0 and n ∈ (0, 1). In order to avoid F < 0 one requires R > (c 2 n) 1 1−n . This model satisfies Rf R ≶ 2f only in a particular range of R, namely
One can show, that (2.10) and (2.15) are satisfied for any
where we have assumed c < (2 − n)/(1 − n). The bound on R comes from the fact that V obtains a non-zero, positive value of vacuum evergy, which means that V φ /V → 0 around the minimum. Therefore the model cannot play the role of a DE model.
To summarize this section, it is clear that most f (R) models designated to give rise to an inflationary period or dark energy models are either in discord with the swampland conjecture or are in discord with observational data.
Conditions for V φφ
Alternatively one can investigate the following conditions in the vacuum case
wherec > 0 and of order of unity. Fulfilling this condition will allow some maxima of V (φ) to be consistent with the swampland conjecture. We want to emphasize that the (4.1) inequality may only be satisfied locally. A viable f (R) theory must contain a GR minimum, around which V φφ > 0.
In the language of the f (R) function and its derivatives the V φφ term is equal to
The condition (4.1) is therefore equivalent to where p is a solution of the following equation
The solutions are complex and therefore unphysical. In fact it shows that there is no real solution of (4.1) of the form of R p . This seems to be obvious, since R p in the Einstein frame leads to V ∝ exp( 2/3φ 2−p p−1 ), which for real values of p can never give negative V φφ /V . The (4.1) condition may be satisfied around maxima of the Einstein frame potential. A typical model in an f (R) framework, which contains an Einstein frame maximum is (3.1). The Einstein frame potential takes the form of
(4.7)
One can show that there exists φ, for which the V φφ < −c V condition can be satisfied if n > 2 9 (3c + 8) . Sincec ∼ O(1) one requires n to be at least slightly bigger than 2. The result is quite intuitive, since for n > 2 one finds V → e − √ 2 3 n−2 n−1 φ for φ → ∞, which gives a maximum of V between the GR limit (which is φ → 0) and a run-away vacuum in φ → ∞. One can find that for any n the inequality (4.1) for model (3.1) is satisfied for
(4.9)
One can see if the R ∈ (R − , R + ) overlaps with regions allowed by the V φ > c V condition and therefore if in the case of the (3.1) model one can satisfy (1.1) or (1.2) for all R. The (2.17) at the Rf R > 2f slope is satisfied for
(4.10)
From Eqs. (4.9,4.10) one finds, that the the overlap between V φ > c V and V φφ < −c V regions may occur only for c < 2/3 and
Such a positive n may exist if
which is mathematically possible, but highly unrealistic from the physical point of view.
For instance even ifc is as small as 1/3 one requires c < 1/ √ 6 in order to provide the overlap of two region, which satisfy (2.17) and (4.1). Therefore, for the (3.1) model with n > 2 one should always expect a region in the Einstein frame potential, which is not steep enought in order to be consistent with the swampland conjecture.
Examples of (3.1) model, for which the the (4.1) conditions are satisfied around a local maximum of V is presented in the right panel of the Fig. 3 In the non-vacuum case one finds V ef f φφ = V φφ + (1 − 3w) 2 ρ E m /6. The contribution of matter fields is always positive and therefore the presence of matter is making it harder to satisfy the V ef f φφ /V ef f < −c condition 5 The Brans-Dicke generalization of the Swampland conjecture
The f (R) theory is a particular example of a broader family of theories of modified gravity, called a scalar-tensor theory. Its action in the Jordan frame is the following
where ϕ is a Jordan frame field, F is a function of non-minimal coupling to gravity, K determines the kinetic term and U is a Jordan frame potential. After the transformation to the Einstein frame one obtains
where the Einstein frame field φ and potential V are defined by
Thus, the Eq. (1.1) is equivalent to
In the case of Brans-Dicke theory one finds
where β = 2ω BD + 3. The ω = 0 case is fully equivalent to the f (R) theory. In order to obtain classical and quantum stability one requires ϕ > 0 and U ϕϕ > 0.
In the case of Brans-Dicke theory the condition ∆φ 1 does not depend on the form of the potential. From Eq. Note, that every solution of
where C > c for all ϕ, satisfies the inequality (5.7). The solution of the Eq. (5.9) take the form of
A simple example of such a model would be
where α > 0.This solution automatically satisfies the F U ϕ > 2F ϕ U assumption. Following the logic presented in (5.9-5.11) one find, that
The
automatically satisfies (5.12) . We want to note the crucial difference between f (R) theory and its Brans-Dicke generalization. In the BD theory one may easily obtain a solution for |V φ | > c V with V φ < 0. We also do not need to distinguish between different values of c in order to find the allowed range of U (ϕ) functions.
The non-vacuum case of Brans-Dicke theory
In the Brans-Dicke theory the effective potential takes the form of
which means that for the domination of matter fields one finds
For β < 1 2c 2 (1 − 3w) 2 one obtains |V ef f φ |/V ef f > c and therefore the condition for swampland conjecture is satisfied. Note that unlike the f (R) case this can be done for any w = 1/3.
Condition for V φφ in Brans-Dicke theory
The condition (4.1) can be expressed in terms of scalar-tensor theory as
which gives the condition
Similar to the f (R) the inequality (6.4) does not have a simple solution. If (6.4) would be an equation, it would have a complex solution of the form of U ∝ ϕ n n = 2 ± i cβ . (6.5)
For U ∝ ϕ n and positive U the LHS of (6.4) is always positive and therefore such a solution cannot satisfy the V φφ < −c V condition. Again, one should expect that, since the V > 0 condition enforce the existence of minima in the Einstein frame. Unlike in the case of the f (R) theory, the (4.1) condition takes the form of the linear differential inequality. In such a case on can construct a real solution of (6.4) as a linear combination of solutions from (6.5), which in the most general case takes the form of
where A, B are constants of integration. Such a model satisfies (4.1) for all values of ϕ. Unfortunatelly it often leads to U ϕϕ < 0 and in consequence to tachyonic scalar perturbations.
As in the case of f (R) theory, one may obtain some range of the value of the field, for which the V φφ < −c V condition is satisfied. In the Fig 3 we present an example of a Brans-Dicke generalization of an f (R) theory, for which one obtain regions of the potential, which satisfy either (1.1) or (4.1).
Conclusions
In this article we have investigated the swampland conjecture constrains on f (R) and Brans-Dicke theories of modified gravity. We have translated the swampland conjecture into the language of these theories. We have constrained the f (R) theory with respect to the swampland conjecture, the existence of the GR vacuum and the classical and quantum stability of the theory (f R > 0 and f RR > 0). We have shown that in the presence of perfect fluid with dominant energy density one may easily satisfy V φ > c V , even if the perfect fluid mimics inflaton or dark energy. Thus, the f (R) scalaron may play a role of subdominant scalar field with a steep potential, which enables consistency between the swampland conjecture and inflation.
In the text. The precise value of c strongly determines the existence of any viable f (R) theory with Rf R > 2f , which is significantly different than in the case of other scalar theories.
Furthermore, we have analyzed few examples of realistic f (R) theories of inflation and dark energy in the context of their consistency with the swampland conjecture. Not surprisingly, the swampland conjecture is strongly inconsistent with f (R) inflation. Specifically we have focused on the f (R) = R + c 2 R p model. We have proven that only for p ∈ (1, α) one can satisfy the swampland conjecture for all values of R.
Brans-Dicke have an additional free parameter comparing to f (R) and therefore it is easier for them to satisfy the swampland conjecture. In the non-vacuum case the domination of matter fields with β < 1 2c 2 (1 − 3w) 2 leads to |V ef f φ |/V > c. Thus, there always exist BD theories with small enough β, such that for a given equation of state parameter w, the swampland conjecture is consistent. In addition, we placed bounds from the swampland conjecture on the vacuum BD theory.
Like in the f (R) theory, the second conjecture may only be satisfied locally for viable theories. Hence, at least in the case of f (R) and BD gravity, the second swampland criterion of V φφ < −c V can be valid only in a limited patch of field space, while in most of field space, the first criterion |V φ | > c V has to be fulfilled. As such, both criteria magically conspire to allow for maxima in f (R) or BD gravity, while not necessarily allowing viable inflation or DE domination. Without further evidence of the refined conjecture, such a coincidence seems artificial from f (R) or BD gravity point of view, weakening the conjecture's validity.
